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1. INTRODUCTION

The formulation of the quantum inverse scattering
method, or algebraic Bethe ansatz, by the Leningrad
school [1] provides eigenvectors and eigenvalues of the
transfer matrix. The latter is the generating function of
the conserved quantities of a large family of quantum
integrable models. The transfer matrix eigenvectors
are constructed from the representation theory of the
RTT-algebras. In order to construct these eigenvec-
tors, one should first prepare Bethe vectors depending
on a set of complex variables. The first formulation of
the Bethe vectors for the gl(n)-invariant models was
given by P.P. Kulish and N.Yu. Reshetikhin in [2]
where the nested algebraic Bethe ansatz was intro-
duced. These vectors are given by recursion on the
rank of the algebra. Our calculation is some g-gener-
alization of the construction which we published in
recent a work [6] for the non-deformed case of sp(4).
Our construction of Bethe vectors used the new RTT-

algebra A , which is defined in Section 2 and is not the
RTT-subalgebra of qu(4). This algebra has two RTT-

subalgebras of gl 4(2) type and we study its eigenvectors
in Section 3.

Our construction of Bethe vectors is in any sense a
generalization of Reshetikhin’s results [7]. Another
approach to the nested Bethe ansatz for very special
representations of RTT-algebras of sp(2n) type was
given by Martin and Ramas [8].

In this note, due to of lack of space, we omit the
proofs of the claims. These proofs can be found in our
preprint [9].

2. SUMMARY OF THE RESULTS
OF THE PAPER [9] FOR THE RTT-ALGEBRA
OF U,(sp(4)) TYPE
Recently, we dealt with the Nested—Bethe ansatz
for the RTT-algebra of U, (sp(2n)) type [9]. In this
part, we briefly summarize the results of this work in
the case of the RTT-algebra of U, (sp(4)) type.

The R-matrix of U (sp(4)) type has the form
R(x) = L( D E;®E;+f(x)) E ®F;
OUX)\ ik i

+ f(x'q7)) B ®ES + g(x)) E; ®F]
o ko (D)
- g )Y E, ®E; - g(xq")) ¢" "ee,E, ®E,
i<k k<i
+8(x"'q7)) 4" e B ® E:"k),
i<k
where the census indices take place ik = £1,%2,
€, = sgn(i) and
xq — x—lq—l

f)==—""7F—, &=

X—Xx X—x

x(g—q)
1 b

-1
ox) =1+479
X—Xx
This R-matrix satisfies the Yang—Baxter equation
Rl’z(x)R1,3(xy)R2’3(y) = R2,3(J’)R1,3(XY)R1,2(X)

and is invertible. Therefore, by using the RTT-equation
R, HT(OT(y) = TO)T(OR,, (™),

where T(x) = z E,k ® Tk’ (x)

i,k=—n
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we define the RTT-algebra of U, (sp(4)) type. From the
invertibility of the R-matrix we have that the operator

2
H(x) = Tr(T(x)) = » T} (x)

i=—2
fulfills the equations H(x)H (y) = H(y)H (x) for any x
and y.

We suppose that in the representation space W' of
the RTT-algebra s there exists a vacuum vector
we W, for which ‘W = A w and

T (x)0=0
T/ (x)o = A, (x)o  for

for i<k,

i==x1,+2.
In the vector space W = Aw, we will look for

eigenvectors of H(x).
In [9] we showed that if we restrict our consider-

ations to the space W, =APA0c W = Ao,
where RTT-subalgebras 54 and o4 are generated

by T, k’ (x) and T_‘,f(x), where i,k = 1,2, it is possible to
write commutation relations between

2
TV = D E ®T

ik=1
2

and TO(x)=YES ®T(x)
ik=1

in the form of RTT-equations
(51 Ez)(xy*I)rI*1(€1)(x)T(€2)(y) (2)
(Ez)(y)rrl(él)(x)R(El 52)(xy_1)’

where €,,€, = * and
(+ +)
(x) = E.®E; + f(x)Y E, ®E!
f(x) ( k;ﬁ ¢ Z

+ g(0E; ®E; —g(x )E, ®E] |,

2
“I(x) = ( > ES®E; + f(x)) ES®E]
SO kS i=1
+ gEL,®E T —g(x )ES QK |,

2 2
R(+’_)(x) = Z E: ® E:I/z + f(x_lq)ZE; ® E:;
i=l1

i,k=Li#k

+ gg(x"'9)E; ® 2y — ¢ 'g(xqg HE; ® E,
2

2
ROI(x)= > EL®E(+f(x"q7)> E®E!
i=1

i,k=li#k

- ¢ 'g(xgHEL, ® E; + qg(x"'¢ )E] ®E;
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The RTT-equation (2) can be written in the form of
a single RTT-equation

RO DT OTH) = T:0)TOR (v ),

where

RO (x) + R (x) + R7(x) + RT7(x),
T(x) = T (x) + TO(x).

R(x) =

Since the R-matrix R(x) satisfies the Yang—Baxter
equation

R],z(X)R1,3(xy )Rm(y ) = R2,3(y )R1,3(xy )R1,2(x)

and is invertible, we can define the RTT-algebra
denoted by o ,. If we want to point out that T(i)(x) is

an element of the RTT—algebra A ,, we will write

2 2
TVx) = Y Ef @ T{(x), T7(x) = Y ET ® T(x).

i,k=1 i,k=1

In the standard way by using (2) we obtain that in the
RTT-algebra o, the operators % (x) and H“(y),

2
AHY(x) = Tr(TV(x) = Y T (x),
i=l1

2
A9 =TTV () = Y7 (x)
i=1

commute with each other.

We look for Bethe vectors in the form

%(“) = (Bl,...,M (w), (I)> >

where u = (i,u,,...,u,,) are different complex num-

bers,

B, »(wB (1) ®B,(4,) ®...® By, (uy)

2

- 3

iyeensing Kpekng
® T_"k](ul)...T_’ZM(uM),

2

)

Haees P> S)5ee S

e, ®.0¢ Of"1®.OF™

f®.0f" Qe

®.Qe, @D,

where (I)fl",f2 = W, and e, is the basis of space V', ,
e_, is the basis ¥ _, and f" and ™

spaces V™ and V',

are dual bases in

respectively.
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In [9] we introduced for any u the operators
T Cew) = RO ). R Geatyy )
x Ty CORG (xuyg) . RO G ),

Mo arCesw) = ROE G ). RGG (eap )T (x)

RS, (). RS (e,
where

2
RO (x )——( > E®F ®L

FO G

+ f(x*l)ZEji ®F ®I +g(x )E,®F ®L
i=1

- gE®FK ®L |,
2 .
D> ES®F ®L
i,k=li#k

2
+ f(xq)) E ®F ®1_+ gg(xq)
i=1

XxEL® le ®L —¢g 'gx'¢gEZQOF ®L,

D (—+)
Ro,1* (x) =

<+ Nx)= z E®I'QE*+ f(x“q)ZE’@I ®E~

ik=Lli#k

+qg(x B, ® I} ®EL, —q 'g(xq E; ® I} ® E7,

2

(— —)( -
= f (X)[z k;#-k
2

+ f(x)ZE" ®If ®E +g(x)E1} ®IF

E'®I"®EX

®E’-gx HEZ QI ®EL |,

and define the operators 7| k’ (x;u) and f’__,c"(x; u) by the
relationships

2
Ty (xu) = ZE,k ® T} (x;u),

i,k=l1

T (csu) = ZE ® 77 (x;u).

i,k=1
For organized M -tuples u = (u,, ...
u thesetu ={u,...,u,}, define
U, = Uy s Up_ 1y Upi gy oees
L_lk = lj\{uk} = {Lll,...

,u,,) denote by

Uy )5

,uk,l;ukﬂ,...,

M
Fogu)y = [ [/ e,
k=1

M
0y = [/,
k=1
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One of the main results of [9] is

Proposition 1. Let @ be a common eigenvector of
the operators

w(w) =T () + 7 (x;u),
wxu) = f_}l(x; w) + 775 (x;u)

I-”If*) (x;u) —Tro(Té?

.....

.....

relations

Fu s m)ES ) = Fug g YED y(usu) — (3)

are true for each u, € u, then <Bl,..., (), <I>> is the
H (+)(x) + H (_)(x) with eigen-

.....

eigenvector of H(x) =
value

,,,,,

.....

So to find eigenvectors of the operator H(x), it is
enough to find common eigenvectors of the operators

A\ (xu) and H{? ,,(x;u).

Other 1mp0rtant results of [9] are the RTT-equa-
tions

.....

M(y, ll)T01 (E ’

= To 1 (X% “)Roo (xy~ )

which hold for any €,€' = £ and for any u. It means
that the operators TA“,C’ (x;u) and f__,ci(x; u) generate the
RTT-algebra A , for any u.

Finally, it is shown in [9] that for the vector

0=f®.0f®e, ®. .0, O
Mx M

we have
7w =0, 7w =p,(;uwQ for k =1,2
7A”_21(x; u)Q =0, 7A”__kk(x;u)f2 = U_(x; u)f) fork =1,2,

where

W (1) = M)F(x”'q;0),
(6 1) = My(X)F(xq i),
W () = A () F(xg;i ),
Moo(x3) = ho(X)F(x”'q i),
i.e. ﬁ is a vacuum vector for the representation of the
RTT-algebra A 5

So to find our own vectors of the operator H(x) for
the RTT-algebra of U,(sp(4)) type, just formulate the

Bethe ansatz for the RTT-algebra §ﬁ2

No.5 2020
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3. COMMON EIGENVECTORS
OF THE OPERATORS A™(x) AND A7 (x)
IN THE RTT-ALGEBRA §Q2
It is possible from the commutation relations in the
RTT-algebra 4, to prove that for each x and y
TUOTT(Y) = TIWTHX),
T(0T () = T5NT (%),
THOTL0) = ToWTTH)
hold.
Let ® be a vacuum vector for the representation of
the RTT-algebra 5&2, i.e. we have

Ty (x)®d = T (x)® = 0,

TE® = o, (x)d, i =1,2.

Common eigenvectors of the operators H ™ (x) and
H (_)(x) will be searched for in the form

|739) = TP DT (). T ()T (1)
X 15 (wy)... T35 (wp)®d = T (M5 (W)@,
where v and w are the sets v ={v,,v,,...,vp} and
w = {w;, Wy,...,Wp}.

Proposition 2. For any x, ¥ and w we have

T()|7; %) = W(xX)F(x; 7 F(xqg 3w )| 7 W)
= D gy, Y7V, 5w )| x, 7,5 W)
+ D WL )g(ew g ) F (w7 Y F(wsw; )

x X |x,7:%,),
T2(x)|7; ) = W) F(x 5 7)F(x"'q%;w) | 7; W)
+ 2 M)y, VF (TR, )| .7, 7)

V,.EV

= D L w)g(xw, g HF(w,'q V)

WEW

x F(w,';w,)

X, VW),
T (0|73 W) = u (OF (x7'q 57 F(x ;%) |73 w)
= D 0)gC, I, S T)F, a7, x, W)

V,EV

+ ) (w)gxws V(W g ) (wy )| 7 x, W, ),

wEew

T5(0)|73%) = L, () F(xgs7 YO w )| 7;w)
+ Y WGy, V(37 VF(v,g 5w )|V x, )

V,.EV

= D M w)gCow VF(w,g’s7 V(w73 x, ).

wEew
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From this statement we obtain for the action of the
operators f7*)(x)
AV |73 w) = 7' 00)| 75 9) + 75 (x)
= (W)F(s7 )F(xq 5w )
+ W (OF (xS TF(x g W) |7 w)
= D GV, YW )F (7 Y (v,g 5w )

— W)F, 5 7)F (v, 4% )| X, 7,5 W)
= D 80w; g ML) F 0w, gV F (w) )

WEW

v; W)

— WL (W) Fwg™; 7 F(w, ;)| x,7;W,),
HO0)|7w) T3 0|73 %) + T5 (0| 7 )

= (W, ()F(x'q 7)) F(x7 ) + U0 F(xg”; 7 )
X Few O))|[7:w) + D govy ') (W (v,)

X F(v,;7, VF (g )
— WLOF, S 7)F, a5 w)|7,5x, W)
+ D gCow YW (W) F(w, g 7)) F(w, 5w,

— U (W) F(w,g"s7 Y F (W, )| 75 x, W,)
and the following statement:

Proposition 3. If for each v, € v and w, € w the
Bethe conditions are fulfilled

W )F(v,37 VF (v 5w 7)
= WLO)F W, ST)F; ¢ W),
W W) Fw,'q 55 7)F(w, '3 w,)

= U,(W)F(w,g*;7 YF(w; , ),

4

the vectors | v, W) = 7~“12(L7)7~“:21(W)(b are common eigen-

vectors of the operators F™(x) and FO(x) with
eigenvalues

EOG7;W) = WO F (67 Y F(xg 5w
+ W(X)F(x 5 7)F(x g W),
EVGvw) = W () F(x"'g 57 F(x 7" w)
+ UL F(xg’;7 YF(x;w ),

4. BETHE CONDITIONS
AND BETHE EIGENVECTORS
FOR THE RTT-ALGEBRA OF U, (sp(4)) TYPE

In Section 2, we have mentioned that the operators

fk’ (x;u) and T __,Ci(x; u) generate u the RTT-algebra §Q2

for each and the vector € is the vacuum vector with
weights

Vol. 17 No.5 2020
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W) = M(xX)F(x'q;i1),
W (xi) = My(x)F(xq i),
Wy (i) = A () F(xq; ™),

Wo(6i) = M ,()F (x"'q ).

Proposition 4 says that if for each v, € v and
w, € w the Bethe conditions are fulfilled

WV F (v, VF(v,g 5w
= WL DF(, 7, W),
W (wes ) F(w; s W) F(w, 'q 7 7)
= W, (W) F(wy; W, VF(w,q*;7 ")
the vectors
(w7 W1} (w775 (u;9)Q

(+)

are common eigenvectors of the operators H, _ ,,(x;u)

and H. 1(7) »(x;u) with eigenvalues
EP (o wv;w) = W (G @) F(x; 7 )F(xg 3w ")
+ WD F(x 7 F(x ¢ ),
+ W06 @)F(xgs7 YF(w ).

From relation (3) it follows that if for each u, €
we have

then the vector
B(w;7;w) = (B, (w), P(u; 75 w)) (5)

is the eigenvector of the operator H(x). From this we
obtain the following theorem:

Theorem. Let the Bethe condition
M) F 5w F (g i) F ;7 FQug 5w
= M) s VF g, VF iy g 7) F s w),
MO, G F(v,;7, )V F(vg 5w 7)
= MO)FW,q 5 (v, S 7)F; W),
A W) F(wyg; T YF (w;'q 7 F(wy s W,)
= Ao (W) Fw,'q S F(wg’s7 Y F(ws W, )

SPELL: 1. ok
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be fulfilled for any u, € w, v, € v and w,, € w, then
the vectors (5) are eigenvectors of H(x) with eigen-
values

E(x; ;73 W) = M(x)F(x ) F(x" ;i) F(x;77)
X F(xq 3y ) + M()F(x @) F(xg i)
X F(x " V)F(x"'¢%;w) + A (X)FGea
x F(xqu VF(x"'q *;7)F(x”';w)
+ A()F (i YVF(x™'q ) F(xq; 7 YF ().
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